The design of far-field radiation diagrams from combined electric and magnetic dipolar sources has recently found applications in nanophotonic metasurfaces that realize tailored reflection and refraction. Such dipolar sources also exhibit important near-field evanescent coupling properties with applications in polarimetry and quantum optics. Here we introduce a rigorous theoretical framework for engineering the angular spectra encompassing both far-and near-fields of electric and magnetic sources and develop a unified description of both free space and guided mode directional radiation. The approach uses the full parametric space of six complex-valued components of magnetic and electric dipoles in order to engineer constructive or destructive near-field interference. Such dipolar sources can be realized with dielectric or plasmonic nanoparticles. We show how a single dipolar source can be designed to achieve the selective coupling to multiple waveguide modes and far-field simultaneously with a desired amplitude, phase, and direction.
Nanophotonic components provide strong light-matter interactions, important for numerous applications, and the ability to efficiently control light with high bandwidth and energy efficiency [1] . A standing challenge is the ultrafast switching and routing of light in miniaturized environments, preferably via an all-optical process. This can be achieved using the polarization of light [2] . In this context, dipolar scatterers with phased and balanced combinations of electric and magnetic moments have recently attracted significant theoretical and experimental attention due to the interesting, asymmetric, angular scattering properties of Huygens sources and Kerker-like conditions for far-field directionality and non-reflecting metasurfaces [3] [4] [5] [6] [7] [8] [9] [10] . Superposition of electric and magnetic dipoles in a single source can be realized experimentally with high-index dielectric nanoparticles in the Rayleigh regime [3, [11] [12] [13] [14] [15] [16] or using plasmonic scatterers with electric and magnetic responses [7, 8, 10] .
Beyond far-field directionality of dipolar sources, remarkable physics lies also in the near-field [17] where dipolar sources can be used for directional excitation of waveguided modes, relevant to integrated photonics. The routing of guided modes using subwavelength scatterers and emitters such as quantum dots or atoms, all of which can be modelled as dipolar sources, has been initially studied based on circularly polarized dipoles [18] [19] [20] [21] [22] [23] [24] [25] [26] , and can be related to the spin-momentum locking characteristic of guided modes [27] [28] [29] . This effect has recently been generalized to dipole polarizations beyond circular, in which both the electric and magnetic dipole moments are important [16, 30] . It was shown how three elemental dipolar sources can achieve near-field directionality: the circular, Huygens and Janus dipoles, with the latter two consisting of combinations of electric and magnetic dipoles. These three dipoles are elemental in the sense that each of them is built from the superposition of only two different dipole components, which is the minimum necessary to achieve destructive interference between them [17] . However, a general combination of one electric and one magnetic dipole has in fact 6 complexvalued components to work with p = (p x , p y , p z ) and m = (m x , m y , m z ), each having an arbitrary amplitude and phase relative to the others. Thus, the parametric space of possibilities for near-field interference from general dipolar sources is much broader than previously realised.
In this work, we developed a generalised theory for far-field and near-field dipolar directionality considering the entire three-dimensional polarization parameter space of both electric and magnetic components. With these uncovered new degrees of freedom, we can design destructive or constructive interference conditions for multiple modes simultaneously. For example, in a multimode waveguide, the directionality of individual modes can be controlled independently. We also show that both amplitude and phase of each excited mode can be individually controlled. This allows the engineering of mode distribution in multimode waveguides as well as the radiation pattern in free space.
Source angular spectrum. The coupling of a dipole to a waveguide can be understood via Fermi's Golden Rule, where directional excitation of modes is interpreted as destructive interference between different dipolar components. The same phenomenon can be described using the angular spectrum representation of a source [31] , also called spatial spectrum or momentum representation. The electric field of a source can be expanded in momentum space via its angular spectrum [32] [33] [34] : field fulfills the wave-equation, the wave-vector components follow the relation
√ εµ is the wave-number of the medium and k is the wave-vector. The angular spectrum E(k x , k y ) is defined at a given z-plane and represents a superposition of plane waves and evanescent waves. These waves can be propagated to other planes, to obtain the fields in the entirety of an homogeneous source-free space (via the transfer function e ±ikzz ) or at any point in a multi-slab structure via an adequate transfer function [32] .
The design of the far-field of a source, i.e. its radiation diagram, is a common practice in antenna engineering [35] , and it can be interpreted as the design of the source's angular spectrum (Eq. 1) in the region of transverse momenta inside the light cone (
y is the transverse wavevector, and each angular component E(k x , k y ) corresponds to farfield radiation in a different direction in space. Such radiation diagram engineering is applied in nanophotonics for the design of asymmetric far-field scattering, reflection and transmission of photonic metasurfaces [3] [4] [5] [6] [7] [8] [9] [10] . In this work, we extend the engineering of the source angular spectrum beyond the light cone (k t > k) into a region of complex wave-vectors (k z ∈ I), to encompass the whole transverse momentum space. In this way, we include near field evanescent waves, responsible for the evanescent coupling of the source to guided modes in a nearby waveguide or surface modes on an adjacent surface.
Simplified model of coupling to waveguided modes. The wavevector components of guided modes are, by definition of their non-radiating guided nature, outside of the light cone. Therefore, our source can be designed to selectively overlap with the wave-vectors of the guided modes with engineered amplitudes and phases. For example, if a waveguide supports two modes at different wavelengths, then a source whose frequency spectrum lacks one of the two wavelengths will not excite the corresponding mode. This idea can be translated from the temporal to the spatial dimension.
In the same way as a time-invariant waveguide will conserve the frequency spectrum of the source, a translationally-invariant one will conserve the wavevector components parallel to the translation symmetry axes. A waveguide may support two modes with different wavevectors, so a source whose wavevector spectrum lacks one of the two components will not excite the corresponding mode. Consider the fields of a dipolar source in a given z-plane, E dipole (x, y, t) as shown in Fig. 1(a) . We only look at the fields radiated by the dipole, its primary fields, not including the scattering by the waveguide. These fields can be Fourier-transformed to momentum-frequency space E dipole (k x , k y , ω) [ Fig.1(b) ]. As the dipole is monochromatic, its spectrum is limited to a single frequency ω = ω 0 plane (although this could be generalised even further for time-varying sources). The dipole fields can now be represented together with the dispersion relation of the waveguide in the same momentum-frequency plot [ Fig.1(b) ]: the intersection between the waveguide mode and the dipole fields is a requirement for matching the dipolar radiation to the modes. The dipole in this example has been engineered to exhibit zero amplitude exactly at certain points of intersection with the dispersion relation of the waveguide [ Fig. 1(b) ]. Thus, this dipole will neither excite mode 1 to the right nor mode 2 to the left. As a result, each of the two modes will be excited, from the same dipolar source, into different directions of the waveguide. This is confirmed in real space [ Fig. 1(c) ]. This description is exact in the case of a slab waveguide, in which guided modes have a single momentum value (k x , k y ) and transverse momentum is conserved. The model is not exact for one-dimensional waveguides such as that in the figure, because guided modes will have a spread of wavevector k y values caused by the mode confinement along y, and the non-translational-invariance of the waveguide along y will allow scattering along k y . However, our simulations show that these effects are negligible for our purposes, and the model above becomes an excellent design principle even for one-dimensional waveguides.
Complete model of coupling to waveguided modes. When dealing with the angular spectrum of a dipole, the simple picture suggested by Fig. 1 must be revised for two reasons. Firstly, the angular spectrum in Eq. 1 is a superposition of two spectra [32] ,
, corresponding to waves propagating towards the positive and negative z direction (we always define k z = k 2 − k 2 t as the positive root, with positive imaginary part if k t > k). When dealing with a dipolar source, only the upwards propagating part E + (k x , k y ) will exist in the upper half space z > 0, and only the downwards propagating part E − (k x , k y ) will exist in the lower half space z < 0, since all waves must be propagating away from the source plane at z = 0. Importantly, both spectra will be different in general.
Secondly, each of these angular spectra E ± (k x , k y ) is not a scalar function, as suggested by Fig. 1 , but instead is a vector function. Despite being a three dimensional vector field, the divergence-free condition imposed by Maxwell's equations on each angular component k·E = 0 reduces by one the degrees of freedom, allowing the angular spectrum vector function to be written using a two-dimensional basis. A convenient choice of basis is to use s-and p-polarization:
p , where the two unit vectorsê
to the azimuthal and polar angle unit vectors in spherical coordinates when describing far-fields (k t < k), but also accurately describe the evanescent wave polarizations (becoming complex vectors) when evaluated outside the light cone (k t > k).
Evidently, the spectra for s-or p-polarized fields will couple to the corresponding s-or p-polarized waveguided modes in nearby waveguides, respectively. This is an exact statement in slabs, but the deviation from this rule for typical one-dimensional waveguides is negligible.
Therefore, a complete description of an arbitrary source requires different spectra to account for the waves with the two polarizations s-and p-, each defined on the half-spaces above and below the dipole, constituting four different angular spectra in total. For example, Fig. 1 shows a waveguide supporting p-polarized modes placed below the dipole, so the relevant scalar angular spectrum is E − p (k x , k y ), which is the one shown.
Calculating dipolar angular spectra. The angular spectra of dipolar sources can be obtained from Weyl's identity [32] , and is typically expressed using dyadic Green functions [33] . The spectra of dipoles can be rewritten in an exact vector form describing the entire angular spectrum, including far-and near-fields as [30, 31] :
where v ± depends on the wave-vector and on both the electric p and magnetic m dipole moments of the source:
2 is applied to a given dipole p and m, four spectra may be calculated and plotted, corresponding to E
s . An example of these four spectra is shown in Fig. 2 .
Engineering dipolar angular spectra. So far, we have described the direct problem: given dipoles p = (p x , p y , p z ) and m = (m x , m y , m z ), we obtain the four relevant angular spectra which are a unique signature of this dipole via Eq. 2. The equation is linear, so coherent superposition of dipoles will result in the linear combination of their fields and spectra. Now, we want to solve the inverse problem. Our aim is to design a dipole whose angular spectra takes prescribed complex scalar values at designed points (specifying both amplitude and phase
FIG. 2:
Every dipolar source can be defined using four angular spectra, each specified by one of the two orthogonal polarization states, s or p, and by the propagation direction along z, i.e. fields radiated above or below the source. The plot shows the four angular spectra of a single dipolar source, together with six chosen values of the electric field amplitude and phase (four of them being zero, and the other two being 1 and 2i) placed in the four planes at different locations in k-space (indicated with arrows). The dipole moment components required to achieve this combination were found to be p = (3.10, −1.00, 0.26i) and m/c = (−2.03i, −6.88i, 3.95).
of the spectrum at each point), distributed throughout the four scalar spectra, as shown for example in Fig. 2 . Each condition is expressed by equating Eq. 2 to the desired value. This forms a system of equations with 6 complex-valued unknowns (p x , p y , p z , m x , m y , m z ) and as many equations as specific conditions that we impose onto the angular spectra. Expressed in matrix notation, basic linear algebra provides us with the solution(s), as described in the Supplementary Materials. Since we have 6 complex degrees of freedom in our dipole, we can specify up to 6 complex amplitudes at distinct points in k-space, distributed throughout the four scalar spectra. An example of such 6 conditions is shown in Fig. 2 , and the corresponding dipole satisfying them is given in the caption. We provide an online dipole calculator [36] to retrieve the dipole moments that achieve user-specified amplitudes in arbitrary points on the angular spectra. If our conditions are all placing zeroes, then we are limited to 5, because we need one degree of freedom in the solution to act as an arbitrary scaling coefficient of the dipolar solution (requiring 6 zeroes simply yields the trivial solution p = m = 0). Other limitations apply: for example, if we try to place all our conditions in the same polarization or in the same angular direction, we will be limited in the number of conditions that we can place, because only a subset of the 6 dipole components are involved in that specific polarization and/or direction. Overall, with this technique we acquire enormous design power. We can freely decide, within the above limitations, the amplitude and phase of excitation of nearby waveguided modes, even in multimode waveguides. Two such examples are shown in Fig. 3 and confirmed by electromagnetic simulations. In Fig. 3 (a) , the p-polarized mode of the waveguide is selectively excited in opposite directions with different amplitudes and phases, while at the same time a zero scattering is imposed in the far field in a specified direction. In Fig. 3 (b) , the directionality of two different modes of the same bimodal waveguide is designed so that each of the modes propagates unidirectionally in different directions. Further, Fig. 4 shows the flexibility of the method to engineer direction and opening angle of the mode in the plane of the slab waveguide, by placing zeroes at required angles in the radiation diagram. The design space is enormous if multiple waveguides with different orientations and modes of different polarizations are considered.
In conclusion, we have extended the concept of radiation diagram engineering to encompass the entire angular spectrum, using a remarkably simple algebraic method. We provide a simple-to-use online calculator for the engineering of dipolar angular spectra [36] . With this tool, we can design the outside of the light cone, for engineering of evanescent guided mode excitation, as well as the inside, engineering the far-field radiation diagrams and radiated polarizations. The concept presented here is very general and its application can be extended in many ways, for instance, to time-varying sources in which the frequency dimension can also play a role, to higher order multipoles to gain more degrees of freedom, or to collections of sources such as arrays, which will further modify the angular spectra. In the case of arrays, the angular spectra will be discretized into diffraction orders both inside and outside the lightcone, introducing the possibility of metasurfaces aimed at near-field engineering. With this work we demonstrate an enormous design power for the nanophotonic control of finely-tailored waveguide exci- tations via the three-dimensional electric and magnetic polarization of single sources. With recent advances in the synthesis of complex beams, the required fine tuning of exotic electric and magnetic field polarizations to electrically and magnetically polarize nanoparticles in three dimensions is now an experimental reality [14, 22, 37, 38] . 
